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In this paper we study (4, 2µ)-GDDs of type gn possessing both the pan-decomposable
property introduced by Granville, Moisiadis, Rees, On complementary decompositions of
the complete graph, Graphs and Combinatorics 5 (1989) 57–61 and the pan-orientable
property introduced by Grüttmüller, Hartmann, Pan-orientable block designs, Australas.
J. Combin. 40 (2008) 57–68. We show that the necessary condition for a (4, 2µ)-GDD
satisfying both of these properties, namely (1) n ≥ 4, µg(n − 1) ≡ 0 (mod 3), and (2)
g − 1, n are not both even if µ is odd are sufficient. When λ = 2, our designs are super-
simple.
We also determine the spectrum of (4, 2)-GDDs which are super-simple and possess
some of the decomposable/orientable conditions, but are not pan-decomposable or pan-
orientable. In particular, we show that the necessary conditions for a super-simple
directable (4, 2)-GDD of type gn are sufficient.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A group divisible design (or GDD), is a triple (X,G,B)which satisfies the following properties:
1. G is a partition of a set X (of points) into subsets called groups;
2. B is a set of subsets of X (called blocks) such that a group and a block contain at most one common point;
3. Every pair of points from distinct groups occurs in exactly λ blocks.
The group type (or type) of the GDD is the multiset {|G| : G ∈ G}.
A GDD with block sizes from a positive integer set K is called a (K , λ)-GDD. When λ = 1, we simply write K -GDD for a
(K , λ)-GDD, andwhen K = {k}, we normallywrite k instead of {k}. A (k, λ)-GDDwith group type 1v is a balanced incomplete
block design, denoted by (v, k, λ)-BIBD. A (k, λ)-GDD is called super-simple if any two blocks of the GDD intersect in at most
two points.We usually refer to a design as being simple if it has no repeated blocks. In particular, when k = 3, a super-simple
design is just a simple design, and when λ = 1, a design is always super-simple. The concept of super-simple BIBDs was
introduced by Gronau andMullin in [27]. The existence of super-simple designs is an interesting extremal problem by itself,
but there are also useful applications, including the construction of perfect hash families [44] and coverings [13], in the
construction of new designs [12] and in the construction of superimposed codes [34]. In statistical planning of experiments,
super-simple designs are the ones providing samples withmaximum intersection as small as possible. Besides these, super-
simple designs have also appeared as suborthogonal double covers of certain types of graphs (see, for example, [28]).
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It is well known that the following are the basic necessary conditions for the existence of a super-simple (v, k, λ)-BIBD:
1. v ≥ (k− 2)λ+ 2;
2. λ(v − 1) ≡ 0(mod k− 1);
3. λv(v − 1) ≡ 0(mod k(k− 1)).
For the existence of super-simple (v, 4, λ)-BIBDs, the necessary conditions are known to be sufficient for λ = 2, 3, 4.
Gronau andMullin investigated the case for λ = 2 in [27]; somemistakes in this paper were pointed out by Hartmann [31];
later proofs can be found in [33,4]. The case of λ = 3 was solved independently by Khodkar [33] and Chen [17]. The case of
λ = 4was solved independently by Adams et al. [6] and Chen [18]. The casesλ = 5, 6were solved in [16,19]. The asymptotic
existence of super-simple (v, k, λ)-BIBDs was proved in [32] A recent survey on super-simple (v, 4, λ)-BIBDs with v ≤ 32
can be found in [8].We summarize the known results for super-simple BIBDswith k ∈ {4, 5} in the following two theorems:
Theorem 1.1 ([27,33,16,17,6,18,19]). A super-simple (v, 4, λ)-BIBD exists for λ = 2, 3, 4, 5, 6 if and only if the following con-
ditions are satisfied:
1. λ = 2, v ≡ 1(mod 3) and v ≥ 7;
2. λ = 3, v ≡ 0, 1(mod 4) and v ≥ 8;
3. λ = 4, v ≡ 1(mod 3) and v ≥ 10;
4. λ = 5, v ≡ 1, 4(mod 12) and v ≥ 13;
5. λ = 6, v ≥ 14.
Theorem 1.2. A super-simple (v, 5, λ)-BIBD exists for λ = 2, 4, 5 if and only if the following conditions are satisfied:
1. [2,20,26] λ = 2, v ≡ 1, 5(mod 10) and v 6= 5, 15;
2. [20] λ = 4, v ≡ 0, 1(mod 5) and v ≥ 15;
3. [21] λ = 5, v ≡ 1(mod 4) and v ≥ 17, except possibly for v = 21. (A cyclic super-simple (21, 5, 5)-BIBD does not exist.)
A (v, k, λ)-BIBD can be represented graphically as follows: Each point in the BIBD is represented by a vertex in the graph,
and each block B = {b1, b2, . . . , bk} is represented by a complete graph Kk on k the vertices corresponding to its points.
Clearly each pair of vertices will be joined by an edge in exactly λKk’s. In this sense, existence of a (v, k, λ)-BIBD is equivalent
to that of a decomposition of λKv into Kks.
Suppose instead λ = 2µ, H is a graph such that H ∪ Hc = Kk and we are able to form a graph isomorphic to H on
the vertices corresponding to each block of a (v, k, 2µ)-BIBD and the union of these graphs is µKv . If this is possible then
we have a complementary (H,Hc) decomposition of Kv , and the BIBD is said to be (H,Hc)-decomposable. A (v, k, λ)-BIBD
which is (H,Hc)-decomposable for all possible graphs H such that H ∪ Hc = Kk is said to be pan-decomposable.
As noted in [25], there are 2 non-isomorphic graphs H such that H ∪ Hc = K4. These are for H = K1,3 and H = P3 given
in Fig. 1. In this paper, we will use the shorter notations KK c-decomposable and PPc-decomposable to mean (K1,3, K c1,3)-
decomposable and (P3, Pc3)-decomposable respectively. Existence of a KK
c-decomposable (v, 4, 2µ)-BIBD is equivalent to
that of a nested (v, 3, µ)-BIBD (see for instance [25,45,47]). (A (v, 3, µ)-BIBD is said to be nested if its blocks can all be
extended by 1 point to give a (v, 4, 2µ)-BIBD.) Also, when we give a design with either of these decomposable properties,
we order our blocks as {a, b, c, d} so that the subgraphs H = K1,3 or P3 are on the same points as in Fig. 1.
The following two results are given in [25]:
Theorem 1.3. A PPc-decomposable (v, 4, 2)-BIBD exists if and only if v ≡ 1(mod 3).
Theorem 1.4. A pan-decomposable (v, 4, 2)-BIBD exists if and only if v ≡ 1(mod 6).
The following weaker result is proved in [41].
Theorem 1.5. A KK c-decomposable (v, 4, 2)-BIBD exists if and only if v ≡ 1(mod 6).
We shall now define a new term, ‘pan-orientable’ for GDDs, but first a few more concepts are needed:
A k-tournament of order k is a directed graph on k vertices in which there is exactly one directed edge between any two
vertices.
Consider an ordered block (a, b, c, d) of size 4. Four non-isomorphic 4-tournaments are obtainable from this block by
fixing the orientation of the arcs as follows:
T1 : ab, ac, ad, bc, bd, cd T2 : ab, ac, ad, bc, cd, db
T3 : ab, ac, bc, bd, cd, da T4 : ab, ca, ad, bc, bd, cd
Given a k-tournament T , a (k, 2µ)-GDD is called T -orientable if it is possible to replace each of its blocks, B, by a copy of
T on the set B so that every ordered pair of points not in the same group appears in exactly µ k-tournaments.
In graph-theoretic terms, a T -orientable (k, 2µ)-GDD of type (v(1), v(2), . . . , v(m)) is equivalent to a decomposition of
the symmetric directed multigraph DKv(1),v(2),...,v(m) on v = ∑mi=1 v(i) vertices into k-tournaments isomorphic to T . There
exist exactly four non-isomorphic 4-tournaments, and these are shown in Fig. 2.
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Fig. 1. Drawings of the graphs H , Hc for H = K1,3 and P3 .
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Fig. 2. Drawings of the four non-isomorphic 4-tournaments T1, . . . , T4 .
If we replace every arc xy in a tournament T by the arc yx the resulting tournament T−1 is called the converse of T . T
is said to be self-converse if T and T−1 are isomorphic. Note that T1 and T3 are self-converse, while T4 is isomorphic to the
converse of T2; if we interchange the vertices a, d in the graph for T4, then T4 is the converse of T2. This implies immediately
that a T2-orientable BIBD is also T4-orientable (and vice versa).
A (k, 2µ)-GDD is called pan-orientable if it is T -orientable for every possible k-tournament T . Note the ordering of points
within each block need not be the same for each possible k-tournament.
The concept of pan-orientability of a (v, k, 2λ)-BIBD was first introduced by Grüttmüller and Hartmann in [29]. Here,
given a k-tournament T , a (v, k, 2λ)-BIBD is called T -orientable if it is possible to replace each of its blocks, B, by a copy
of T on the set B so that every ordered pair of distinct points appears in exactly λk-tournaments. The (v, k, 2λ)-BIBD is
called pan-orientable if it is T -orientable for every possible k-tournament T . They investigated the existence problem for pan-
orientable (v, 4, 2)-BIBDs; this existence problemwas later solved in [4]. In [29], it was noted that showing a (v, 4, 2λ)-BIBD
is Ti-orientable for i = 1, 2, 3 is sufficient to ensure pan-orientability, since any T2-orientable design is also T4-orientable.
When k = 4, known necessary and sufficient conditions for a (4, λ = 2µ)-GDD of type gm to exist are λg(m − 1) ≡
0 mod 6 [15]. Generally, no further conditions are required for the existence of such a GDD with either the T1- or T3-
orientable condition, but an extra condition is required for T2-orientability: if µ and g are both odd, m must also be odd.
In [29], it is noted that for a T2-type tournament, the total out-degrees of the 4 points in the corresponding graph are 3, 1, 1
and 1. These are all odd numbers and the replication number of each point, i.e. r = 2µg(m− 1)/3 is even. Hence the total
out-degree of any point over all such graphs i.e. µg(m − 1)must also be even. Consequently, if µ, g are odd, then mmust
also be odd for the GDD to be T2-orientable.
For (4, 2µ)-GDDs, the concept of pan-orientability differs from that of pan-decomposability as introduced by Granville
et al. in [25] and further studied in [38]. However, the necessary conditions for pan-decomposable and pan-orientable
(4, 2µ)-GDDs of type gm to exist are the same for any µ. For a (4, 2µ)-GDD, the PPc-decomposable condition requires
no extra constraints, but for such a design to be KK c-decomposable, the extra constraint (mmust be odd ifµ and g are both
odd), comes from the fact that the replication number for the underlying (3, µ)-GDD of type gm (i.e.µg(m− 1)/2) must be
an integer.
In this paper, we show that if these conditions are satisfied, then there exists a (4, 2µ)-GDD of type gm satisfying both
conditions. In addition, when λ = 2µ = 2, the GDDs we construct are super-simple.
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2. Preliminaries
A pairwise balanced design (or PBD) is a pair (X,A) such that X is a set of elements called points, andA is a set of subsets
(called blocks) of X , each of cardinality at least two, such that every pair of points is in a unique block ofA. Often PBDs are
called linear spaces. If v is a positive integer and K is a set of positive integers, each of which is greater than or equal to two,
then we say that (X,A) is a (v, K)-PBD if |X | = v, and |A| ∈ K for every A ∈ A. When K = {k}, we normally write k instead
of K . Also, we denote B(K) = {v : there exists a (v, K)-PBD}. A set K is said to be PBD-closed if B(K) = K .
Let K be a set of positive integers, and let k be a positive integer. The notation (v, K ∪ {k?})-PBD denotes a PBD with a
distinguished block of size k and other block sizes in K . Only if k ∈ K , can there be more than one block of size k.
A (v, K , λ)-PBD is essentially a (K , λ)-GDD of type 1v , and a transversal design, TDλ(k, g), is (k, λ)-GDD of type gk. The
parameter λ is usually omitted if it equals 1.
For some of our recursive constructions, we shall make use of the following lemmas:
Lemma 2.1 ([29]). The set of all orders for which a pan-orientable (v, k, 2λ)-BIBD exists is PBD-closed.
Lemma 2.2 (Abel et al. [5, p. 186]). A transversal design, TD(k,m) exists if either: (1) k = 4 and m 6∈ {2, 6}, (2) k = 5 and
m 6∈ {2, 3, 6, 10}, or (3) k = 6 and m 6∈ {2, 3, 4, 6, 10, 14, 18, 22}.
Lemma 2.3 ([30,14]). If v ≡ 1 or 4(mod 12), then a (v, 4, 1)-BIBD and a (4, 1)-GDD of type 3(v−1)/3 exist. If v ≡ 7 or
10(mod 12), and v 6∈ {10, 19} then a (v, {4, 7∗}, 1)-PBD and a {4, 7}-GDD of type 3(v−1)/3 both exist.
In the rest of this paper, we use the term PPBIBD for a BIBD which is both pan-decomposable and pan-orientable. Also, a
PTBIBD is a BIBD which is P3-decomposable as well as T1- and T3-orientable. The prefixes PP, PT can also be used with other
design types, for instance a PPGDD (PPTD) is a GDD (TD) which is both pan-decomposable and pan-orientable.
3. Directed BIBDs and GDDs
A directed (v, k, 2µ)-BIBD or alternatively a DBIBD(v, k, µ), is a pair (X,B) where X is a v-set of points and B is a
collection of ordered k-tuples, (a1, a2, . . . , ak) of X (blocks) with the property that every ordered pair of distinct points
occurs µ times amongst the pairs (ai, aj) : i < j and (a1, a2, . . . , ak) ∈ B. Similarly, a (k, µ)-DGDD, of type T is a triple
(X,G,B)where X is a set of points, G is a partition of X into subsets (groups) with the property that no 2 points in the same
group lie in any block, and each ordered pair of points not in the same group occursµ times amongst the pairs (ai, aj) : i < j
and (a1, a2, . . . , ak) ∈ B. When k = 4, a directable BIBD or GDD is equivalent to one which is T1-orientable.
DBIBDs have been studied in much more detail than pan-orientable BIBDs. Theorem 3.1 summarizes the known
conclusive existence results known for DBIBDs with k < 7: (see [9,22,23,42,43]).
Theorem 3.1. A DBIBD(v, k, λ) exists for k ∈ {3, 4, 5, 6} if and only if (v, k, λ) 6= (15, 5, 1) or (21, 6, 1), v(v − 1)2λ ≡
0(mod k(k− 1)), and (v − 1)2λ ≡ 0(mod k− 1).
In addition to the above, we wish to point out that the necessary conditions for the existence of a DBIBD(v, 7, 1) namely,
v ≡ 1 or 7 (mod 21) are known to be sufficient, except for v = 22 and possibly for v ∈ {274, 358, 400, 526}. (see [3,48]).
Also, for k ∈ {3, 4, 5}, there is a similar existence result for (k, λ)-DGDDs:
Theorem 3.2 ([1,10,39,40,50]). A (k, λ)-DGDD of type mv/m exists for k ∈ {3, 4, 5} if and only if v ≥ km, v ≡ 0(mod m),
(v −m)2λ ≡ 0(mod k− 1), and v(v −m)2λ ≡ 0(mod k(k− 1)), except for (k, λ, v/m,m) = (5, 1, 15, 1).
When k = 3, even more extensive existence results for DBIBDs are known. The following theorem is due to (Colbourn
and Harms (see [22,23])).
Theorem 3.3. Every (v, 3, 2λ)-BIBD is directable.
Theorem 3.3 together with the existence results for (v, 3, 2λ) designs provide an existence proof for directed triple
systems. An important consequence of the directability theorem is that results on one type of design can be carried over to
the other type. There are numerous results concerning triple systems which are thus applicable to directed triple systems
(see [22,23]). Theorem 3.4 below results from one such application of Theorem 3.3.
Theorem 3.4. For v ≥ 3, λ ≡ 0(mod gcd(v − 2, 3)), and λ ≤ (v − 2)/2 there exists a simple DBIBD(v, 3, λ).
Computational investigations [37] have shown that none of the known biplanes (symmetric (v, k, 2)-BIBDs) with v ≥ 37
is directable, and hence the directability theorem for triple systems does not hold for BIBDs in general. The smallest known
BIBD which cannot be directed is a (28, 7, 2)-BIBD [37], but one of the eight known (28, 7, 2)-BIBDs is directable, [37,3].
At present, there appears to have been no significant work done on the existence of super-simple DBIBD(v, 4, µ) except
for µ = 1. Since a DBIBD(v, 4, 1) is equivalent to a T1-orientable (v, 4, 2)-BIBD, the following result follows from our
Lemmas 7.1 and 7.2 (which were proved in [4]).
Theorem 3.5. The necessary conditions for the existence of a super-simple DBIBD(v, 4, 1), namely v ≡ 1 or 4 (mod 6) and
v > 4 are sufficient.
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4. Recursive constructions
In the recursive constructions of group divisible designs (GDDs) and pairwise balanced designs (PBDs), the ‘‘weighting’’
technique and Wilson’s Fundamental Construction (see [49]) are quite often used, where we start with a ‘‘master’’ GDD
and small input designs to obtain a new GDD. Similar techniques will be applied in our constructions of super-simple
Q -decomposable T -orientable designs, where we either start with a super-simple Q -decomposable T -orientable GDD
and inflate it using transversal designs (TDs) as weighting designs or start with a GDD and inflate it using some super-
simple Q -decomposable T -orientable GDDs as weighting designs. More specifically, we shall make use of the following two
constructions, which are just slight modifications of those found in [9,10,47]. For more background knowledge about GDDs
and PBDs the readers are referred to [11].
Construction 4.1. Suppose a Q -decomposable T-orientable (4, λ)-GDD of type {h1, h2, . . . , hn} and a TD (4,m) both exist. Then
there exists a Q -decomposable T-orientable (4, λ)-GDD of type {mh1,mh2, . . . ,mhn}. If the first GDD is super-simple, then so is
the final one.
Construction 4.2. Let (X,G,B) be a (K , λ1)-GDDwith groupsG1,G2, . . . ,Gn. Suppose there exists a functionw : X → Z+∪{0}
(a weighting function), which has the property that for every block B = {x1, . . . , xk} ∈ B there exists a Q -decomposable T-
orientable (4, λ2)-GDD of type (w(x1), . . . , w(xk)). Then there exists a Q -decomposable T-orientable (4, λ1 · λ2)-GDD of type
{∑x∈G1 w(x), . . . ,∑x∈Gn w(x)}. If all the input GDDs are super-simple, then so is the final GDD.
In particular, when the input GDD is a PBD, and all weights are uniform, this gives us the following result:
Construction 4.3. If a (v, K , λ1)-PBD exists and there exists a Q -decomposable T-orientable (4, λ2)-GDD of type gk for all k ∈ K ,
then there exists a Q -decomposable T-orientable (4, λ1 · λ2)-GDD of type gv . If the input PBD and GDDs are super-simple, then
so is the final GDD.
In the construction of GDDs or PBDs, the technique of ‘‘filling in groups’’ plays an important role. The technique for
decomposable and orientable GDDs is described as follows.
Construction 4.4 (Filling in Groups). Suppose there exists a Q -decomposable T-orientable (k, λ)-GDD of type {si : 1 ≤ i ≤ n}.
Let a ≥ 0 be an integer. For each i, 1 ≤ i ≤ n − 1, if there exists a Q -decomposable T-orientable (k, λ)-GDD of type
{sij : 1 ≤ j ≤ ki} ∪ {a}, where si = ∑1≤j≤ki sij, then there is a Q -decomposable T-orientable (k, λ)-GDD of type {sij : 1 ≤
j ≤ ki, 1 ≤ i ≤ n} ∪ {a}. If the input GDDs are all super-simple, then so is the final GDD.
Finally we have two constructions for combining multiple copies of GDDs of the same type:
Construction 4.5. If a (4, λ)-GDD exists, then a (4, 2λ)-PTGDD also exists.
Proof. Take 2 identical copies of the (4, λ)-GDD, both on the same point set. For a T1- or T3-orientable design, each block
in the second copy will be the same as the corresponding one in the first, except that its points will be in reverse order. For
a PPc-decomposable design, if (a, b, c, d) is an ordered block in the first GDD, then the corresponding ordered block in the
second GDD should be (b, d, a, c).
The next construction is obvious, but occasionally useful. In Construction 4.5, when taking multiple copies of a (4, λ)-
GDD, we had to use the same (4, λ)-GDD each time; this is not necessary when applying Construction 4.6.
Construction 4.6. If a Q -decomposable T-orientable (4, λ)-GDD exists, then a Q -decomposable T-orientable (4, cλ)-GDD exists
for all integers c > 0.
5. Direct constructions
The constructions used in this paper will combine both direct and recursive methods. For our direct constructions, we
shall usually adopt the standard approach of using finite abelian groups to generate the set of blocks for any given design.
That is, instead of listing all of the blocks, we give the point set X , plus a set of base (or starter) blocks, and generate the other
blocks by an additive group G. For g = |G|, the notation+t (mod g) after the base blocks means the base blocks should be
developed by adding multiples of t (mod g) to them; we omit t if it equals 1. Occasionally, a few base blocks are given as
‘short’, that is, their g translates are not all distinct, and should be included once only. Also, sometimes a design will contain
one or more infinite points; unless otherwise stated, these should remain unaltered when developing a base block over G.
Lemma 5.1. Suppose G is an abelian group of order gu, and there exists a set of base blocks none of which is short) that generate
a (k, 1)-GDD of type gu when developed over G. Then there exists a super-simple pan-orientable GDD of type gu. If further, k = 4,
then the resulting GDD is also PPc-decomposable.
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Proof. Replace each base block {a0, a1, a2, . . . , ak−1} for the (k, 1)-GDD by two ordered base blocks (a0, a1, a2, . . . , ak−1)
and (−a0,−a1,−a2, . . . ,−ak−1) and develop these blocks by adding each element of G to them. In Gronau et al. ([26],
Theorem 2.2) it was noted that this gives a super-simple (k, 2)-GDD; with the blocks ordered as given, the resulting design
is also pan-orientable, since for any i, j, adding aj + ai to the second base block gives a second block containing ai, aj in the
same positions as the first, but in reverse order. For k = 4, a PPc-decomposable design is obtained if the blocks are ordered
as (a0, a1, a2, a3) and (−a2,−a0,−a3,−a1). 
Lemma 5.2. There exist (4, 6)-PPGDDs of types 25 and 26.
Proof. For type 25, let X = Z10; groups are {x, x+ 5} for 0 ≤ x ≤ 4. Develop the following blocks (mod 10):
PPc : (0, 1, 2, 4), (9, 0, 6, 8), (0, 3, 6, 2), (7, 0, 8, 4).
KK c : (1, 2, 4, 0), (9, 0, 6, 8), (3, 0, 2, 6), (0, 8, 4, 7).
T1, T2, or T3: (0, 1, 2, 4), (0, 9, 8, 6), (0, 2, 6, 3), (0, 8, 4, 7).
For type 26, let X = Z10 ∪ {∞0,∞1}; groups are {x, x+ 5} for 0 ≤ x ≤ 4 and {∞0,∞1}. Develop each of the following
blocks (mod 10); also replace∞0 with∞1 when adding any value≡ 1 (mod 2) to the two blocks marked ∗:
PPc : (4, 6, 0, 2), (3, 0, 6, 7), (0,∞0, 1, 8), (3,∞1, 0, 1), (9, 6, 0,∞0)∗, (6, 5, 7,∞0)∗.
KK c : (4, 6, 0, 2), (3, 7, 0, 6), (8,∞0, 0, 1), (1,∞1, 0, 3), (9, 6,∞0, 0)∗, (6, 7, 5,∞0)∗.
T1: (6, 0, 4, 2), (0, 7, 6, 3), (8,∞0, 0, 1), (1,∞1, 3, 0), (6,∞0, 9, 0)∗, (6, 7, 5,∞0)∗.
T2: (6, 4, 0, 2), (3, 6, 7, 0), (0,∞0, 1, 8), (1,∞1, 0, 3), (∞0, 9, 6, 0)∗, (6, 7, 5,∞0)∗.
T3: (4, 6, 2, 0), (6, 3, 7, 0), (0,∞0, 1, 8), (1,∞1, 0, 3), (9, 0,∞0, 6)∗, (6, 5,∞0, 7)∗. 
Lemma 5.3. There exist super-simple (4, 2)-PPGDDs of type 2n for n = 4, 7, 10, 19.
Proof. For type 24, let X = Z2 × Z2 × Z2; groups are {xy0, xy1} for x = 0, 1, y = 0, 1. Now take the 8 translates of the block
B = (000, 010, 111, 100). Since every element of X remains invariant when multiplied by −1, this design is Ti-orientable
for all i = 1, 2, 3. For KK c- and PPc-decomposability, add 000 and 001 to the following blocks: B1 = (000, 010, 111, 100),
B2 = (011, 000, 100, 110), B3 = (100, 010, 110, 001), B4 = (110, 000, 101, 010). Note that if we ignore the ordering of
points within each block, then B1 = B, B2 = B+ 100, B3 = B+ 110, and B4 = B+ 010.
A pan-decomposable (4, 2)-GDD of type 27 was given by Granville et al. [25]; this design is also super-simple and
pan-orientable. Table 1 gives the 28 blocks appropriately ordered for each condition. The point set, X for this design is
{0, 1, 2, . . . , 13} and groups are {x, x+ 7} for 0 ≤ x ≤ 6.
KK c-decomposable (4, 2)-GDDsof types 210 and219were givenbyWang [47]; the author [46] pointed out somemisprints
in these designs and these are corrected here. Also we are able to establish that the corrected designs are super-simple
PPGDDs. For these designs, we take X = Z2n; groups are {x, x+ n} for 0 ≤ x ≤ n− 1. For n = 10, develop each of the base
blocks given in Table 2 +4 (mod 20). For n = 19, develop the base blocks in Table 3 +2 (mod 38). 
Lemma 5.4. For n = 4, 6, 8, 10, 12, 14, 18, there exist super-simple (4, 2)-PTGDDs of type 3n. Also there exist (4, 4)-PPGDDs
of type 3n for these values of n.
Proof. First we consider the (4, 2)-PTGDDs. For n = 4, take X = (Z3 ∪ {∞})× Z3; groups are {x} × Z3 for x ∈ (Z3 ∪ {∞}).
Develop the base blocks given in Table 4 (mod (3, 3)).
For n = 6, let X = {0, 1} × Z9; groups are {x} × {y, y+ 3, y+ 6} for x ∈ {0, 1} and y ∈ {0, 1, 2}. Develop the base blocks
given in Table 5 (mod (−, 9)).
For n = 8, 10, 12, 14, 18, take X = Z3n−3 ∪ (E = {∞0,∞1,∞2}); groups are E and {x, x + n − 1, x + 2n − 2} for
0 ≤ x ≤ n− 2. Develop the base blocks given in Table 6 (mod 3n− 3). Also, replace∞0 by∞i for i = 1, 2 when adding any
value≡ i (mod 3) to a block.
Now we consider the (4, 4)-PPGDDs of type 3n. For n = 8, we apply Construction 4.2, inflating a (7, 2)-GDD of type 38
(which can be obtained by developing the block {0, 2, 5, 6, 7, 17, 20} over Z24) with a (4, 2)-PPGDD of type 17 from [4]. For
n = 4, again apply Construction 4.2, inflating a (4, 1)-GDD of type 34 with a (4, 4)-PPGDD of type 14 from [4].
For n = 6, 10, 12, 14, 18, take X = Z3n−3 ∪ (E = {∞0,∞1,∞2}); groups are E and {x, x + n − 1, x + 2n − 2} for
0 ≤ x ≤ n− 2. Develop the base blocks given in Table 7 (mod 3n− 3), and replace∞0 by∞i for i = 1, 2 when adding any
value≡ i (mod 3) to a block. For n = 6, the given design is the union of 2 identical (4, 2)-GDDs; hence by Construction 4.5,
this (4, 4)-GDD is a PTGDD. For other n, our (4, 4)-PPGDDs are the union of 2 different (4, 2)-PTGDDs of the same type; these
subdesigns are obtained bymultiplying the base blocks of the (4, 2)-PTGDDs in Table 6 by 1 and 4. By Construction 4.6, these
(4, 4)-GDDs are also PTGDDs, and we only have to give an appropriate ordering of the blocks for KK c-decomposable and
T2-orientable designs. This is done in Table 7. 
Lemma 5.5. There exist super-simple (4, 2)-PPGDDs of type 3n for n = 5, 9, 11.
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Table 1
Blocks for a (4, 2)-PPGDD of type 27 .
PPc : (1, 5, 6, 9), (1, 13, 12, 2), (2, 8, 3, 6), (2, 13, 0, 11),
(3, 0, 12, 9), (1, 3, 13, 7), (4, 1, 2, 3), (4, 12, 6, 10),
(5, 2, 4, 8), (5, 9, 3, 7), (6, 8, 5, 0), (6, 11, 3, 12),
(0, 1, 11, 5), (0, 9, 4, 13), (8, 0, 4, 3), (8, 11, 10, 7),
(9, 7, 6, 4), (13, 9, 10, 8), (10, 5, 7, 2), (10, 0, 6, 1),
(11, 9, 1, 10), (11, 13, 5, 3), (12, 10, 2, 0), (11, 12, 8, 9),
(13, 8, 7, 12), (13, 10, 4, 5), (7, 11, 2, 6), (4, 7, 1, 12).
KK c : (5, 6, 9, 1), (13, 12, 2, 1), (8, 3, 6, 2), (13, 0, 11, 2),
(0, 12, 9, 3), (1, 13, 7, 3), (1, 2, 3, 4), (12, 6, 10, 4),
(2, 4, 8, 5), (9, 3, 7, 5), (8, 5, 0, 6), (11, 3, 12, 6),
(1, 11, 5, 0), (9, 4, 13, 0), (0, 4, 3, 8), (11, 10, 7, 8),
(7, 6, 4, 9), (13, 10, 8, 9), (5, 7, 2, 10), (0, 6, 1, 10),
(9, 1, 10, 11), (13, 5, 3, 11), (10, 2, 0, 12), (11, 8, 9, 12),
(8, 7, 12, 13), (10, 4, 5, 13), (11, 2, 6, 7), (4, 1, 12, 7).
T1: (5, 1, 6, 9), (13, 12, 1, 2), (3, 8, 2, 6), (0, 2, 11, 13),
(3, 0, 12, 9), (1, 3, 13, 7), (2, 3, 4, 1), (6, 4, 10, 12),
(4, 5, 2, 8), (9, 5, 7, 3), (6, 8, 0, 5), (11, 12, 6, 3),
(1, 11, 5, 0), (9, 4, 13, 0), (0, 8, 4, 3), (7, 8, 10, 11),
(4, 7, 9, 6), (10, 13, 8, 9), (10, 2, 7, 5), (10, 0, 6, 1),
(11, 9, 1, 10), (13, 3, 5, 11), (2, 12, 0, 10), (9, 12, 11, 8),
(8, 12, 7, 13), (5, 13, 10, 4), (6, 11, 7, 2), (7, 1, 12, 4).
T2: (1, 5, 6, 9), (1, 13, 12, 2), (2, 8, 3, 6), (13, 2, 0, 11),
(3, 0, 12, 9), (13, 1, 3, 7), (3, 1, 4, 2), (4, 6, 12, 10),
(8, 5, 2, 4), (7, 5, 9, 3), (0, 6, 5, 8), (12, 6, 3, 11),
(5, 0, 1, 11), (0, 9, 13, 4), (4, 8, 0, 3), (8, 11, 10, 7),
(9, 7, 6, 4), (10, 13, 9, 8), (2, 10, 5, 7), (6, 10, 1, 0),
(9, 11, 1, 10), (11, 13, 5, 3), (10, 12, 0, 2), (11, 12, 8, 9),
(7, 13, 8, 12), (5, 13, 10, 4), (6, 7, 2, 11), (12, 4, 1, 7).
T3: (1, 5, 6, 9), (1, 13, 12, 2), (2, 8, 6, 3), (2, 13, 0, 11),
(3, 0, 12, 9), (3, 13, 7, 1), (1, 4, 2, 3), (10, 4, 12, 6),
(4, 8, 5, 2), (9, 7, 5, 3), (6, 5, 8, 0), (6, 11, 12, 3),
(1, 11, 0, 5), (0, 13, 4, 9), (0, 3, 8, 4), (8, 11, 7, 10),
(7, 9, 6, 4), (9, 8, 13, 10), (2, 5, 10, 7), (10, 6, 0, 1),
(9, 10, 11, 1), (3, 5, 11, 13), (12, 0, 10, 2), (12, 11, 8, 9),
(12, 7, 13, 8), (4, 10, 13, 5), (6, 2, 7, 11), (7, 12, 4, 1).
Table 2
Base blocks for a (4, 2)-PPGDD of type 210 .
PPc : (8, 13, 15, 7), (7, 8, 1, 9), (6, 19, 8, 17), (7, 0, 18, 3),
(8, 14, 0, 2), (8, 3, 17, 10), (12, 4, 8, 9), (8, 11, 14, 3),
(10, 18, 9, 13), (18, 2, 3, 19), (1, 18, 13, 14), (17, 15, 1, 4).
KK c : (8, 13, 15, 7), (1, 7, 8, 9), (8, 6, 19, 17), (18, 7, 3, 0),
(8, 0, 14, 2), (8, 10, 17, 3), (8, 12, 9, 4), (8, 11, 3, 14),
(18, 10, 9, 13), (18, 2, 19, 3), (18, 1, 13, 14), (17, 1, 15, 4).
T1: (8, 13, 15, 7), (7, 1, 8, 9), (19, 8, 17, 6), (18, 3, 7, 0),
(8, 14, 0, 2), (17, 10, 8, 3), (9, 8, 4, 12), (3, 14, 8, 11),
(13, 18, 9, 10), (3, 18, 19, 2), (18, 14, 1, 13), (4, 17, 15, 1).
T2: (8, 13, 15, 7), (9, 8, 1, 7), (19, 8, 6, 17), (18, 7, 0, 3),
(14, 8, 2, 0), (8, 10, 3, 17), (12, 8, 9, 4), (3, 8, 14, 11),
(9, 18, 10, 13), (3, 18, 19, 2), (14, 18, 13, 1), (1, 17, 4, 15).
T3: (8, 13, 15, 7), (8, 7, 1, 9), (6, 19, 17, 8), (18, 7, 0, 3),
(8, 0, 14, 2), (3, 10, 8, 17), (4, 12, 8, 9), (3, 11, 14, 8),
(9, 18, 13, 10), (2, 18, 19, 3), (1, 13, 14, 18), (1, 17, 4, 15).
Proof. For n = 5, a KK c-decomposable design discovered by D. Stinson is given in [35]. Another was given by Wang [46];
this in fact is a PPGDD. The point set, X of this design is {0, 1, 2, . . . , 14}, and groups are {x, x+5, x+10} for 0 ≤ x ≤ 4. The
30 blocks for this design, appropriately ordered for each condition are given in Table 8. Note that the underlying (3, 1)-GDD
of type 35 (obtained by deleting the last point in each of the blocks given for KK c) is cyclic with base blocks {0, 1, 4} and
{0, 2, 8}.
For n = 9, 11, take X = Z3n; groups are {x, x+n, x+2n} for 0 ≤ x ≤ n−1. Now develop the base blocks given in Table 9
(mod 3n). 
Lemma 5.6. There exists a super-simple (4, 2)-PPGDD of types 66.
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Table 3
Base blocks for a (4, 2)-PPGDD of type 219 .
PPc : (2, 18, 17, 7), (2, 16, 14, 11), (2, 13, 15, 33), (2, 25, 4, 8),
(2, 22, 31, 9), (5, 2, 7, 13), (19, 2, 15, 3), (2, 27, 23, 37),
(2, 35, 6, 12), (21, 28, 35, 27), (2, 10, 22, 32), (29, 2, 3, 26).
KK c : (2, 18, 17, 7), (2, 16, 11, 14), (2, 33, 13, 15), (2, 4, 25, 8),
(2, 31, 9, 22), (2, 5, 7, 13), (2, 15, 19, 3), (2, 27, 37, 23),
(2, 6, 12, 35), (21, 27, 35, 28), (2, 10, 22, 32), (2, 29, 3, 26).
T1: (2, 18, 17, 7), (2, 11, 16, 14), (13, 2, 15, 33), (25, 2, 4, 8),
(31, 2, 9, 22), (7, 2, 5, 13), (15, 2, 19, 3), (2, 27, 23, 37),
(12, 6, 2, 35), (35, 27, 21, 28), (22, 2, 10, 32), (29, 3, 2, 26).
T2: (2, 18, 7, 17), (16, 2, 14, 11), (33, 2, 13, 15), (2, 4, 8, 25),
(22, 2, 31, 9), (7, 2, 5, 13), (19, 2, 15, 3), (37, 2, 23, 27),
(35, 2, 12, 6), (28, 21, 35, 27), (2, 10, 32, 22), (29, 2, 3, 26).
T3: (2, 18, 17, 7), (2, 11, 14, 16), (2, 33, 13, 15), (4, 2, 8, 25),
(9, 31, 2, 22), (7, 5, 13, 2), (3, 19, 2, 15), (27, 2, 37, 23),
(6, 2, 35, 12), (27, 21, 28, 35), (22, 2, 10, 32), (26, 29, 2, 3).
Table 4
Base blocks for a (4, 2)-PTGDD of type 34 .
PPc : ((∞, 0), (1, 1), (2, 1), (0, 0)), ((2, 2), (0, 0), (∞, 0), (1, 2)).
T1: ((1, 1), (∞, 0), (0, 0), (2, 1)), ((2, 2), (0, 0), (∞, 0), (1, 2)).
T3: ((∞, 0), (1, 1), (0, 0), (2, 1)), ((2, 2), (0, 0), (1, 2), (∞, 0)).
Table 5
Base blocks for a (4, 2)-PTGDD of type 36 .
PPc : ((0, 1), (0, 2), (0, 0), (1, 0)), ((1, 0), (1, 1), (1, 8), (0, 6)), ((0, 0), (0, 5), (1, 6), (1, 1)),
((0, 3), (1, 0), (0, 1), (1, 5)), ((1, 2), (0, 6), (1, 0), (0, 2)).
T1: ((0, 2), (0, 0), (1, 0), (0, 1)), ((1, 8), (1, 1), (1, 0), (0, 6)), ((0, 5), (1, 6), (1, 1), (0, 0)),
((0, 1), (0, 3), (1, 0), (1, 5)), ((1, 2), (0, 6), (1, 0), (0, 2)).
T3: ((0, 2), (0, 0), (0, 1), (1, 0)), ((1, 0), (1, 1), (1, 8), (0, 6)), ((0, 0), (1, 1), (1, 6), (0, 5)),
((1, 0), (0, 1), (0, 3), (1, 5)), ((1, 0), (0, 6), (1, 2), (0, 2)).
Proof. Take X = Z4 × Z3 × Z3. Groups are {x, x+ 2} × Z3 × {z} for x = 0, 1, z ∈ Z3. For convenience, the element (x, y, z)
is written as xyz. Develop the base blocks given in Table 10 (mod (−, 3, 3)). 
Lemma 5.7. There exist (v, {4, 7}, 3)-PBDs for v = 11, 14, 18, 23.
Proof. For v = 11, let X = Z10 ∪ {∞}, and develop the following blocks+2 (mod 10):
{∞, 0, 4, 6, 3, 5, 7}, {0, 2, 8, 5}, {0, 1, 5, 9}.
For v = 14, let X = Z14. There is one block of size 7 namely {0, 2, 4, 6, 8, 10, 12}; the blocks of size 4 are obtained by
developing the following blocks+2 (mod 14):
{0, 1, 9, 11}, {0, 13, 5, 3}, {8, 4, 2, 7}, {0, 10, 7, 1}, {0, 6, 7, 9}, {0, 12, 7, 11}.
For v = 18, let X = Z18 and develop the following blocks+2 (mod 18):
{0, 10, 1, 9, 13, 15, 17}, {0, 2, 5, 13}, {0, 4, 1, 7}, {0, 10, 12, 11}, {0, 4, 12, 9}, {0, 2, 6, 13}.
For v = 23, let X = Z23 and develop the following blocks (mod 23):
{0, 1, 2, 6, 8, 12, 15}, {0, 1, 4, 9}, {0, 2, 5, 12}. 
6. Super-simple (4, 2)-PPGDDs and PTGDDs of type g4
Let T be a k-tournament defined on an ordered set {a1, a2, a3, . . . , ak}. We say that T has the ‘reversing’ property if, in its
associated ordered graph, similar to those in Fig. 2,
−−−→
(ai, aj) is a directed edge if and only if
−−−−−−−−−−→
(ak+1−i, ak+1−j) is not a directed
edge. Clearly if T is a k-tournament with this property, then its associated graph must be isomorphic to its complementary
graph. We note that the 4-tournaments T1, T3 defined in Section 1 have the reversing property.
Lemma 6.1. Any TD2(k, q) which is the union of two TD (k, q) s is T -orientable if T has the reversing property. If k = 4, this
TD2(k, q) is also PPc-decomposable.
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Table 6
Base blocks for (4, 2)-PTGDDs of type 3n with n ∈ {8, 10, 12, 14, 18}.
n = 8: PPc : (0, 5, 17, 20), (0, 6, 19, 9), (∞0, 1, 0, 17), (14,∞0, 3, 1).
T1: (5, 0, 17, 20), (0, 9, 19, 6), (17, 0, 1,∞0), (∞0, 1, 3, 14)
T3: (0, 5, 17, 20), (0, 9, 6, 19), (∞0, 1, 17, 0), (3, 14, 1,∞0).
n = 10: PPc : (0, 4, 16, 21), (22, 8, 0, 7), (0, 1, 7, 4), (14, 25,∞0, 0),
(∞0, 11, 1, 3).
T1: (0, 16, 4, 21), (0, 22, 7, 8), (1, 7, 4, 0), (14, 25, 12,∞0),
(∞0, 1, 11, 3).
T3: (0, 16, 4, 21), (0, 8, 22, 7), (0, 7, 1, 4), (∞0, 14, 12, 25),
(1, 11, 3,∞0).
n = 12: PPc : (9, 3, 0, 2), (0, 18, 31, 6), (24, 0, 29, 10), (21, 0, 17, 18),
(∞0, 1, 8, 18), (31, 26,∞0, 18).
T1: (0, 9, 3, 2), (0, 18, 6, 31), (0, 24, 29, 10), (17, 21, 18, 0),
(1, 18, 8,∞0), (∞0, 31, 18, 26).
T3: (0, 3, 2, 9), (0, 18, 31, 6), (0, 10, 29, 24), (17, 21, 18, 0),
(18, 8, 1,∞0), (∞0, 26, 31, 18).
n = 14: PPc : (0, 28, 3, 24), (28, 34, 0, 27), (29, 0, 23, 20), (15, 0, 31, 29),
(9, 0, 4, 21), (4, 5, 12,∞0), (21, 2,∞0, 4).
T1: (0, 28, 3, 24), (27, 28, 0, 34), (29, 23, 0, 20), (31, 0, 29, 15),
(21, 0, 4, 9), (12,∞0, 5, 4), (2, 4,∞0, 21).
T3: (0, 24, 3, 28), (28, 27, 34, 0), (0, 29, 23, 20), (0, 15, 31, 29),
(4, 0, 21, 9), (4, 12, 5,∞0), (∞0, 21, 2, 4).
n = 18: PPc : (0, 21, 45, 37), (15, 0, 35, 41), (48, 19, 50, 0), (13, 18, 25, 0),
(0, 9, 23, 4), (0, 18, 15, 27), (11, 49, 0, 41), (∞0, 5, 1, 12),
(23, 0,∞0, 1).
T1: (0, 37, 21, 45), (15, 35, 0, 41), (19, 0, 50, 48), (18, 0, 25, 13),
(4, 9, 23, 0), (0, 15, 18, 27), (11, 49, 41, 0), (1, 12, 5,∞0),
(0, 1, 23,∞0).
T3: (0, 45, 37, 21), (35, 41, 0, 15), (0, 19, 50, 48), (25, 18, 0, 13),
(9, 23, 0, 4), (18, 27, 15, 0), (41, 11, 49, 0), (5, 1, 12,∞0),
(∞0, 0, 1, 23).
Proof. Let the point set of TD2(k, q)be {1, 2, . . . , k}×Q whereQ is a set of size q. Groups are of the form {z}×Q for 1 ≤ z ≤ k.
Each block in the first TD(k, q) should be ordered so that it is in the form ((1, y1), (2, y2), (3, y3), . . . , (k, yk))with yi ∈ Q . In
the second TD(k, q) the blocks should be ordered so that they are of the form ((k, xk), (k−1, xk−1), (k−2, xk−2), . . . , (1, x1))
with xi ∈ Q . With this ordering, 2 points a, b in the TD2(q, q) will appear in the ith and jth positions of a block in the first
TD(k, q) if and only if they appear in the (k + 1 − i)th and (k + 1 − j)th positions respectively in a block of the second
TD(k, q); therefore, since T has the reversing property, the combined design is T -orientable.
When k = 4, a suitable ordering of points within blocks for the PPc-decomposable property is ((1, y1), (2, y2), (3, y3),
(4, y4)) (for blockswithin the first TD(4, q)) and ((2, y2), (4, y4), (1, y1), (3, y3)) (for blockswithin the second TD(4, q)). 
In [2], it is shown that there exists a super-simple TD2(k, q)which is the union of two TD(k, q)s for k ≤ qwhenever q is
an odd prime power. Hence by Lemma 6.1 we have
Lemma 6.2. If q > 4 is an odd prime power, there exists a super-simple PTTD2(4, q) (i.e. a super-simple TD2(4, q)) which is
T1-orientable, T3-orientable and PPc-decomposable.
Lemma 6.3. There exists a super-simple PPTD2(4, 4).
Proof. In view of Lemma 6.1, we only have to give a super-simple TD2(4, 4) which (1) is T2-orientable and KK c-
decomposable and (2) is the union of two TD(4, 4)s. For this TD, take X = {1, 2, 3, 4} × GF(4, x2 = x + 1); groups are
{y} × GF(4) for y = 1, 2, 3, 4. Develop the second coordinates of the points in the following base blocks over GF(4). For a
T2-orientable design, the ordered base blocks here are as follows:
For the first TD(4, 4):
((1, 0), (2, 1), (4, 0), (3, 1)), ((2, 0), (1, x), (3, x), (4, 0)),
((3, 0), (4, 0), (2, x+ 1), (1, x+ 1)), ((4, 0), (1, 1), (2, x), (3, x+ 1)).
For the second TD(4, 4):
((1, x), (2, x), (4, 0), (3, 0)), ((2, x+ 1), (1, 0), (3, x+ 1), (4, 0)),
((3, 1), (4, 0), (2, 0), (1, 1)), ((4, 0), (1, x+ 1), (2, 1), (3, x)).
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Table 7
Base blocks for (4, 4)-PPGDDs of type 3n with n ∈ {6, 10, 12, 14, 18}.
n = 6: KK c : (0, 1, 3, 7), (0, 3, 7, 1), (0, 2, 8,∞0), (2, 8,∞0, 0),
(0, 4,∞0, 1), (0, 1,∞0, 4).
T2: (0, 1, 3, 7), (7, 0, 3, 1), (2, 8, 0,∞0), (0, 2, 8,∞0),
(4, 0, 1,∞0), (∞0, 1, 0, 4).
n = 10: KK c : (16, 4, 21, 0), (0, 16, 3, 10), (0, 22, 7, 8), (7, 5, 1, 0),
(0, 7, 1, 4), (0, 1, 4, 16), (25, 14, 12,∞0), (∞0, 19, 2, 21),
(∞0, 11, 3, 1), (∞0, 4, 12, 17).
T2: (4, 16, 0, 21), (3, 16, 0, 10), (0, 22, 7, 8), (7, 0, 5, 1),
(1, 0, 4, 7), (0, 1, 16, 4), (∞0, 12, 25, 14), (2, 19, 21,∞0),
(1, 3, 11,∞0), (12, 17, 4,∞0).
n = 12: KK c : (0, 9, 3, 2), (0, 8, 12, 3), (0, 18, 31, 6), (0, 25, 24, 6),
(29, 24, 10, 0), (0, 7, 17, 30), (0, 21, 18, 17), (0, 2, 6, 18),
(1, 8, 18,∞0), (∞0, 4, 32, 6), (∞0, 31, 18, 26), (∞0, 5, 6, 25).
T2: (0, 9, 3, 2), (8, 0, 12, 3), (6, 18, 0, 31), (25, 24, 0, 6),
(0, 10, 29, 24), (7, 0, 17, 30), (17, 0, 21, 18), (0, 2, 18, 6),
(∞0, 1, 18, 8), (32, 6, 4,∞0), (18, 26, 31,∞0), (5, 25, 6,∞0).
n = 14: KK c : (0, 24, 28, 3), (0, 12, 34, 18), (27, 28, 34, 0), (0, 30, 34, 19),
(29, 23, 0, 20), (2, 38, 0, 14), (15, 29, 0, 31), (21, 7, 0, 38),
(0, 9, 21, 4), (0, 36, 16, 6), (4, 21, 2,∞0), (∞0, 16, 8, 6),
(∞0, 4, 12, 5), (∞0, 20, 9, 16).
T2: (24, 3, 28, 0), (12, 18, 34, 0), (28, 27, 0, 34), (34, 30, 19, 0),
(29, 0, 23, 20), (2, 0, 14, 38), (0, 15, 29, 31), (0, 21, 7, 38),
(0, 9, 4, 21), (36, 0, 16, 6), (∞0, 4, 21, 2), (8, 6, 16,∞0),
(4, 5, 12,∞0), (20, 16, 9,∞0).
n = 18: KK c : (0, 45, 37, 21), (0, 33, 46, 27), (0, 15, 35, 41), (9, 38, 11, 0),
(0, 50, 48, 19), (0, 25, 39, 47), (0, 13, 25, 18), (0, 1, 21, 49),
(0, 23, 4, 9), (0, 41, 36, 16), (0, 27, 18, 15), (0, 6, 9, 21),
(0, 11, 41, 49), (0, 11, 43, 44), (∞0, 5, 12, 1), (4, 20, 48,∞0),
(∞0, 1, 23, 0), (∞0, 0, 4, 41).
T2: (45, 37, 21, 0), (27, 46, 0, 33), (41, 15, 35, 0), (9, 11, 0, 38),
(19, 0, 50, 48), (25, 0, 47, 39), (0, 13, 25, 18), (0, 21, 49, 1),
(9, 0, 23, 4), (36, 0, 41, 16), (18, 15, 0, 27), (21, 9, 6, 0),
(41, 49, 0, 11), (43, 44, 11, 0), (1, 5, 12,∞0), (∞0, 4, 20, 48),
(1, 0, 23,∞0), (0, 4, 41,∞0).
For a KK c-decomposable design the ordered base blocks are as follows:
For the first TD(4, 4):
((1, 0), (2, 1), (4, 0), (3, 1)), ((2, 0), (3, x), (4, 0), (1, x)),
((3, 0), (1, x+1), (4, 0), (2, x+1)), ((1, 1), (2, x), (3, x+ 1), (4, 0)).
For the second TD(4, 4):
((1, x), (2, x), (4, 0), (3, 0)), ((2, x+ 1), (3, x+ 1), (4, 0), (1, 0)),
((3, 1), (1, 1), (4, 0), (2, 0)), ((1, x+ 1), (2, 1), (3, x), (4, 0)). 
Lemma 6.4. There exists a super-simple PPTD2(4, v) for all even v ≥ 2.
Proof. For v = 2, 4, see Lemmas 5.3 and 6.3. For v = 12, apply Construction 4.1, inflating a TD(4, 3) with a super-simple
PPTD2(4, 4). For other even v, apply Construction 4.2, inflating a TD(4, v/2)with the super-simple PPTD2(4, 2) in Lemma5.3.

7. Super-simple (4, 2)-PPGDDs and PTGDDs with g = 1, 2, 3, 6
For g = 1, a super-simple (4, 2)-PPGDD of type gv is just a super-simple (v, 4, 2)-BIBD. Hence the following two lemmas
are equivalent to two results obtained in [4].
Lemma 7.1. There exists a super-simple (4, 2)-PPGDD of type 1v for v ≡ 1(mod 6), v ≥ 7.
Lemma 7.2. There exists a super-simple (4, 2)-PTGDD of type 1v for v ≡ 4(mod 6), v ≥ 10.
We now look at (4, 2)-PPGDDs of type gn for g = 2, 3, 6 and (4, 2)-PTGDDs of type gn for g = 3. For g even, the
necessary conditions for a (4, 2)-PPGDD and (4, 2)-PTGDD (whether super-simple or not) are the same, so there is no need
to separately consider (4, 2)-PTGDDs of type gn with g even.
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Table 8
Blocks for a (4, 2)-PPGDD of type 35 .
PPc : (4, 2, 1, 0), (1, 3, 5, 2), (14, 2, 3, 6), (6, 4, 7, 3),
(8, 4, 5, 7), (5, 6, 9, 12), (6, 7, 10, 13), (7, 8, 11, 9),
(8, 9, 1, 12), (13, 9, 10, 2), (10, 11, 7, 14), (11, 0, 8, 12),
(12, 13, 4, 1), (2, 13, 14, 11), (0, 12, 3, 14), (0, 2, 6, 8),
(1, 10, 3, 9), (2, 8, 10, 4), (3, 4, 11, 5), (4, 12, 6, 10),
(5, 1, 13, 7), (6, 14, 5, 8), (9, 7, 0, 3), (10, 14, 8, 1),
(11, 2, 9, 5), (10, 12, 11, 3), (11, 13, 0, 4), (14, 12, 5, 13),
(13, 6, 0, 9), (0, 14, 1, 7).
KK c : (0, 1, 4, 2), (1, 2, 5, 3), (2, 3, 6, 14), (3, 4, 7, 6),
(4, 5, 8, 7), (5, 6, 9, 12), (6, 7, 10, 13), (7, 8, 11, 9),
(8, 9, 12, 1), (9, 10, 13, 2), (10, 11, 14, 7), (11, 12, 0, 8),
(12, 13, 1, 4), (13, 14, 2, 11), (14, 0, 3, 12), (0, 2, 8, 6),
(1, 3, 9, 10), (2, 4, 10, 8), (3, 5, 11, 4), (4, 6, 12, 10),
(5, 7, 13, 1), (6, 8, 14, 5), (7, 9, 0, 3), (8, 10, 1, 14),
(9, 11, 2, 5), (10, 12, 3, 11), (11, 13, 4, 0), (12, 14, 5, 13),
(13, 0, 6, 9), (14, 1, 7, 0).
T1: (1, 0, 4, 2), (2, 5, 3, 1), (3, 14, 2, 6), (6, 4, 3, 7),
(7, 4, 5, 8), (5, 12, 6, 9), (7, 10, 6, 13), (11, 8, 7, 9),
(9, 8, 1, 12), (2, 9, 13, 10), (14, 10, 7, 11), (0, 12, 8, 11),
(13, 12, 4, 1), (11, 13, 2, 14), (14, 3, 12, 0), (6, 2, 8, 0),
(1, 3, 10, 9), (8, 10, 2, 4), (3, 11, 5, 4), (4, 6, 12, 10),
(1, 5, 13, 7), (8, 6, 5, 14), (9, 7, 0, 3), (10, 1, 14, 8),
(9, 5, 2, 11), (11, 10, 12, 3), (4, 13, 11, 0), (12, 14, 13, 5),
(0, 13, 9, 6), (0, 7, 14, 1).
T2: (1, 0, 4, 2), (2, 5, 3, 1), (14, 2, 6, 3), (3, 4, 7, 6),
(5, 4, 8, 7), (12, 6, 5, 9), (6, 7, 10, 13), (7, 8, 9, 11),
(9, 8, 12, 1), (13, 9, 2, 10), (11, 14, 10, 7), (12, 11, 0, 8),
(4, 12, 13, 1), (2, 13, 14, 11), (0, 14, 12, 3), (6, 0, 2, 8),
(1, 3, 9, 10), (8, 2, 4, 10), (4, 5, 11, 3), (10, 4, 6, 12),
(7, 5, 1, 13), (8, 6, 14, 5), (9, 7, 3, 0), (10, 8, 1, 14),
(11, 9, 5, 2), (3, 12, 10, 11), (13, 11, 4, 0), (5, 14, 13, 12),
(0, 13, 6, 9), (14, 1, 7, 0).
T3: (1, 0, 4, 2), (2, 5, 3, 1), (14, 3, 2, 6), (4, 6, 3, 7),
(4, 5, 7, 8), (6, 12, 9, 5), (10, 7, 6, 13), (9, 8, 7, 11),
(8, 9, 12, 1), (9, 10, 2, 13), (11, 14, 7, 10), (11, 12, 8, 0),
(1, 12, 13, 4), (11, 13, 2, 14), (3, 14, 0, 12), (2, 0, 8, 6),
(10, 1, 9, 3), (2, 10, 4, 8), (3, 5, 4, 11), (6, 4, 10, 12),
(13, 7, 1, 5), (6, 8, 5, 14), (0, 7, 3, 9), (8, 1, 10, 14),
(5, 2, 9, 11), (3, 12, 11, 10), (11, 4, 0, 13), (14, 13, 5, 12),
(9, 13, 6, 0), (7, 0, 14, 1).
Table 9
Base blocks for (4, 2)-PPGDDs of types 39 and 311 .
n = 9: PPc : (0, 4, 7, 23), (0, 19, 2, 22), (0, 22, 10, 16), (0, 1, 26, 13).
KK c : (0, 4, 7, 23), (0, 2, 19, 22), (0, 22, 16, 10), (0, 13, 1, 26).
T1: (0, 4, 7, 23), (2, 22, 19, 0), (16, 0, 22, 10) (0, 26, 1, 13).
T2: (4, 0, 7, 23), (2, 0, 22, 19), (16, 0, 10, 22), (26, 0, 13, 1).
T3: (0, 4, 23, 7), (0, 22, 2, 19), (0, 16, 10, 22), (1, 26, 0, 13).
n = 11: PPc : (0, 24, 27, 17), (0, 21, 15, 23), (12, 29, 0, 20), (5, 31, 0, 1), (0, 14, 19, 1).
KK c : (0, 24, 27, 17), (0, 15, 23, 21), (0, 29, 12, 20), (0, 31, 5, 1), (0, 14, 1, 19).
T1: (0, 24, 27, 17), (15, 23, 0, 21), (0, 20, 29, 12) (1, 31, 0, 5), (0, 19, 1, 14).
T2: (24, 0, 27, 17), (15, 0, 21, 23), (0, 29, 20, 12), (1, 0, 31, 5), (0, 14, 19, 1).
T3: (0, 24, 27, 17), (0, 15, 21, 23), (0, 20, 12, 29), (1, 0, 31, 5), (1, 19, 14, 0).
Lemma 7.3. There exists a super-simple (4, 2)-PPGDD of type 2n for all n ≡ 1(mod 3), n ≥ 4.
Proof. For n = 4, 7, 10, 19, see Lemma 5.3. For other values of n, a (n, {4, 7})-PBD exists from Lemma 2.3; inflate this using
Construction 4.2 and super-simple (4, 2)-PPGDDs of types 24 and 27. 
Lemma 7.4. There exists a super-simple (4, 2)-PPGDD of type 6n for all n ≥ 4.
Proof. For n = 6, see Lemma 5.6. For other values of n, a {4, 7}-GDD of type 3n exists by Lemma 2.3; inflate this using
Construction 4.2 and super-simple (4, 2)-PPGDDs of types 24, 27 from Lemma 5.3 to give the desired result. 
Lemma 7.5. There exists a super-simple (4, 2)-PPGDD of type 3n for n > 4, n ≡ 1(mod 2).
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Table 10
Base blocks for a (4, 2)-PPGDD of type 66 .
PPc : (022, 300, 101, 000), (202, 301, 100, 000), (022, 201, 111, 220), (312, 000, 022, 001),
(302, 000, 300, 211), (122, 000, 121, 310), (320, 210, 002, 112), (002, 201, 120, 122),
(002, 220, 110, 101), (221, 002, 111, 100), (202, 001, 121, 300), (202, 110, 301, 312),
(200, 101, 201, 110), (102, 000, 002, 110), (000, 320, 222, 312), (000, 310, 021, 322),
(200, 212, 312, 021), (202, 200, 211, 322), (200, 312, 311, 100), (102, 200, 321, 300).
KK c : (022, 300, 101, 000), (000, 100, 301, 202), (022, 201, 220, 111), (000, 022, 001, 312),
(000, 300, 302, 211), (000, 121, 122, 310), (002, 210, 320, 112), (002, 201, 122, 120),
(002, 220, 110, 101), (002, 221, 100, 111), (202, 300, 121, 001), (202, 301, 110, 312),
(200, 101, 110, 201), (000, 102, 110, 002), (000, 312, 320, 222), (000, 310, 322, 021),
(200, 212, 312, 021), (200, 202, 322, 211), (200, 100, 311, 312), (200, 102, 321, 300).
T1: (022, 300, 101, 000), (000, 202, 301, 100), (201, 022, 111, 220), (312, 001, 000, 022),
(000, 300, 302, 211), (121, 122, 000, 310), (320, 112, 210, 002), (201, 002, 120, 122),
(220, 110, 002, 101), (111, 002, 221, 100), (300, 121, 202, 001), (301, 110, 202, 312),
(101, 110, 200, 201), (102, 002, 000, 110), (222, 000, 320, 312), (322, 021, 310, 000),
(021, 312, 200, 212), (200, 322, 211, 202), (200, 100, 311, 312), (200, 321, 102, 300).
T2: (022, 300, 101, 000), (100, 301, 000, 202), (220, 022, 201, 111), (000, 312, 001, 022),
(300, 000, 211, 302), (310, 000, 122, 121), (320, 002, 112, 210), (122, 002, 120, 201),
(002, 220, 101, 110), (221, 002, 100, 111), (001, 202, 121, 300), (110, 202, 312, 301),
(110, 200, 101, 201), (110, 000, 002, 102), (312, 000, 222, 320), (021, 000, 310, 322),
(212, 200, 021, 312), (202, 200, 322, 211), (200, 100, 311, 312), (300, 200, 102, 321).
T3: (022, 300, 101, 000), (100, 301, 000, 202), (111, 201, 022, 220), (312, 001, 022, 000),
(300, 302, 211, 000), (000, 122, 121, 310), (320, 002, 210, 112), (122, 201, 120, 002),
(101, 002, 110, 220), (111, 002, 100, 221), (121, 202, 001, 300), (110, 202, 312, 301),
(101, 201, 200, 110), (110, 002, 000, 102), (222, 312, 000, 320), (021, 000, 322, 310),
(021, 200, 312, 212), (200, 322, 211, 202), (200, 311, 100, 312), (200, 321, 300, 102).
Proof. For n = 5, 9, 11, see Lemma 5.5. For n = 7, 13, 19, apply Construction 4.1, inflating a super-simple (4, 2)-PPGDD
of type 1n from [4] with a TD(4, 3). For n = 15, apply Construction 4.2, inflating a (7, 1)-GDD of type 315 from [7] with a
super-simple (4, 2)-PPGDD of type 17 from [4]. For n = 17, start with a super-simple (4, 2)-PPGDD of type 124 which exists
by Lemma 6.4, and apply Construction 4.4, constructing a super-simple (4, 2)-PPGDD of type 35 on each of its groups plus
three extra points. For larger n, let n = 4u+ 5 or 4u+ 7 where u ≥ 4; for these values of u, (4, 1)-GDDs of types 6u+1 and
6u91 exist [15,24]. Inflate these using Construction 4.2 and a super-simple (4, 2)-PPGDD of type 24 to obtain super-simple
(4, 2)-PPGDDs of type 12u+1 and 12u181. Finally apply Construction 4.4, forming a super-simple (4, 2)-PPGDD of type 35 or
37 on each group of these PPGDDs plus 3 extra points. 
Lemma 7.6. There exists a super-simple (4, 2)-PTGDD of type 3n for all even n ≥ 4.
Proof. For n = 4, 6, 8, 10, 12, 14, 18, see Lemma 5.4. For n = 16, apply Construction 4.1, inflating a super-simple (4, 2)-
PTGDDof type 34with a TD(4, 4). Fill in the groups of the resulting super-simple (4, 2)-GDD of type 124 using (4, 2)-PTGDDs
of type 34. For larger n, let n = 4u + 4 or 4u + 6 and obtain super-simple (4, 2)-PTGDDs of types 12u+1 and 12u181, as in
the previous lemma. Finally apply Construction 4.4, forming a super-simple (4, 2)-PTGDD of type 34 or 36 on each group of
these PTGDDs. 
8. Super-simple (4, 2)-PPGDDs and PTGDDs of type gn for general values of g
We now have sufficient information to demonstrate the existence of super-simple (4, 2)-PPGDDs and super-simple
(4, 2)-PTGDDs of type gn for general g . In this section we will prove the following theorem:
Theorem 8.1. A super-simple (4, 2)-PPGDD of type gn exists in the following cases when n ≥ 4:
1. g ≡ 0(mod 6);
2. g ≡ 3(mod 6), and n ≡ 1(mod 2);
3. g ≡ 2 or 4 (mod 6), and n ≡ 1(mod 3);
4. g ≡ 1 or 5 (mod 6), and n ≡ 1(mod 6).
Also, a super-simple (4, 2)-PTGDD of type gn exists if either (1) g ≡ 3(mod 6), n ≡ 0(mod 2) or (2) g ≡ 1 or 5(mod 6),
n ≡ 4(mod 6).
Proof. If g is even and (g, n) 6= (4, 4) or (12, 4), then there exists a (4, 1)-GDD of type (g/2)n [15]. Apply Construction 4.2,
inflating this design using a super-simple (4, 2)-PPGDD of type 24 from Lemma 5.3. For (g, n) = (4, 4) and (12, 4), see
Lemmas 6.3 and 6.4 respectively.
If g is odd, let a = 3 if g ≡ 3 (mod 6), and a = 1 otherwise. In this case if n is odd, a super-simple (4, 2)-PPGDD of
type an exists by Lemma 7.1 or 7.5. We apply Construction 4.1, inflating this PPGDDwith a TD(4, g/a). Similarly, if n is even,
a super-simple (4, 2)-PTGDD of type an exists by Lemma 7.2 or 7.6, and we apply Construction 4.1, inflating this with a
TD(4, g/a). 
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9. The case λ > 2
In this section we shall prove the necessary conditions n ≥ 4, λ ≡ 0 (mod 2) and λg(n− 1) ≡ 0 (mod 12) are sufficient
for the existence of a (4, λ)-PPGDD of type gn. Note that we only need to consider λ = 4, 6, 12 here; the case λ = 2 has
already been considered, and for other values of λ, the necessary conditions are the same as for λ2 = gcd(λ, 12), so these
designs can be obtained by taking λ
λ2
copies of a (4, λ2)-PPGDD of type gn.
Lemma 9.1. There is a (4, 4)-PPGDD of type gn whenever n ≥ 4 and g(n− 1) ≡ 0(mod 3).
Proof. If g ≡ 0 (mod 2), we can take 2 copies of a (4, 2)-PPGDD of type gn.
If g ≡ 1 or 5 (mod 6), we can apply Construction 4.1, inflating a (4, 4)-PPGDD of type 1n with a TD(4, g).
For g = 3, the cases n = 4, 6, 8, 10, 12, 14, 18 were solved in Lemma 5.4. If n is odd and ≥ 5, take 2 copies of a (4, 2)-
PPGDD of type 3n, given in Lemma 7.5. For all other n, a (n, {4, 5, 6})-PBD exists [36]; apply Construction 4.3, inflating this
PBD using (4, 4)-PPGDDs of types 34, 35 and 36.
Finally for g ≡ 3 (mod 6), g > 3,we can apply Construction 4.1, inflating a (4, 4)-PPGDDof type 3nwith a TD(4, g/3). 
Lemma 9.2. There is a (4, 6)-PPGDD of type 2n for all n ≥ 4.
Proof. For n = 5, 6, see Lemma 5.2. For n ≡ 1 (mod 3), take 3 copies of a (4, 2)-PPGDD of the same type. For n = 11, 14,
18, 23, a (n, {4, 7}, 3)-PBD exists by Lemma 5.7; apply Construction 4.3, inflating this using (4, 2)-PPGDDs of types 24 and
27. For n = 8, 9, 12, 15, we have a similar construction; here the required (n, {4, 7}, 3)-PBD is a (v, 4, 3)-BIBD from [30]
when v = 8, 9, 12, or a (15, 7, 3)-BIBD which can be obtained by developing the block {0, 1, 2, 4, 5, 8, 10} (mod 15). For
other n ≥ 4, a (v, {4, 5, 6})-PBD exists [36]; apply Construction 4.3, inflating this PBD using (4, 6)-PPGDDs of types 24,
25and 26. 
Lemma 9.3. There is a (4, 6)-PPGDD of type 4n for all n ≥ 4.
Proof. From [15], there exists a (4, 3)-GDD of type 2n for any n ≥ 4. Apply Construction 4.2, inflating this GDD using a
(4, 2)-PPGDD of type 24 from Lemma 5.3. 
Lemma 9.4. There is a (4, 6)-PPGDD of type gn whenever n ≥ 4 and at least one of g, n−1 is even. Also, there is a (4, 6)-PTGDD
of type gn whenever n ≥ 4 and g, n− 1 are both odd.
Proof. For g = 2, 4, see Lemmas 9.2 and 9.3. If g ≡ 0 (mod 2), g 6= 2, 4, 12, apply Construction 4.1, inflating a (4, 6)-PPGDD
of type 2n with a TD(4, g/2). For g = 12, apply Construction 4.1, inflating a (4, 6)-PPGDD of type 4n with a TD(4,m) for
m = 3.
If g is odd, start with either an (n, 4, 6)-PPBIBD (if n is odd) or an (n, 4, 6)-PTBIBD (if n is even) from [4]. Then apply
Construction 4.3, inflating it using a TD(4, g). 
Lemma 9.5. There is a (4, 12)-PPGDD of type gn whenever n ≥ 4.
Proof. For g = 2, 6, take two copies of a (4, 6)-PPGDD of type gn. For other g , apply Construction 4.1, inflating a (n, 4, 12)-
PPBIBD from [4] using a TD(4, g). 
The next theorem summarizes the results of this section. It is also the main result obtained in this paper.
Theorem 9.6. A (4, λ)-PPGDD of type gn exists if and only if n ≥ 4, λ is even and λg(n− 1) ≡ 0(mod 12).
10. Conclusion and open problems
In this paper, we have shown that there exists a (4, λ)-GDD of type gn which is both pan-decomposable and pan-
orientable whenever the necessary conditions n ≥ 4, λ is even and λg(n − 1) ≡ 0 (mod 12) are satisfied. When the
last condition is not satisfied, and is replaced by λg(n− 1) ≡ 6 (mod 12), then we showed that there is a (4, λ)-GDD which
is T1-orientable (directable) as well as T3-orientable and PPc-decomposable (path-decomposable). For λ = 2, our designs
are super-simple.
In view of the results for super-simple BIBDs in Theorem 1.1 it is likely there is a similar existence result for super-simple
(4, λ)-GDDs for larger values of λ, most notably, λ = 4, 6, 12. It would be a further step forward if one could show the
necessary conditions are sufficient for the existence of a super-simple directable (4, λ)-GDDwith λ > 2, or more generally,
for a super-simple (4, λ)-PTGDD or a super-simple (4, λ)-PPGDD. This last extension is probably possible, since our experi-
ence suggests that most (4, λ)-GDDs with λ ≥ 4 can be ordered to give PTGDDs and PPGDDs, provided the above necessary
conditions are satisfied.
Far more difficult would be to obtain a result similar to Theorem 3.3. More precisely: Is every (4, λ)-GDD of type gn
with λ even directable? Can the blocks of such a GDD always be ordered to give a PTGDD? If the extra necessary existence
condition λg(n − 1) ≡ 0 (mod 12) is satisfied, then when can the blocks of such a GDD be ordered to give a PPGDD? The
answer to this last question is not ‘always’, since for instance, there are known examples of (v, 4, 2)-BIBDs (or (4, 2)-GDDs
of type 1v) with v ≡ 1 (mod 6), containing a (t, 4, 2)-BIBDwith t ≡ 4 (mod 6) as a subdesign. Since such a subdesign cannot
be KK c-decomposable or T2-orientable, the whole design cannot either.
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